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Top spin polarization

• t quark decays before hadronization → spin info conserved
• In SM: top unpolarised, but tt spins correlated
• In new production models: modified correlations
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Review: q q̄ → t t̄

One can chose a spin axis such that

qLq̄R or qRq̄L → tU t̄D + tDt̄U i.e. no tU t̄U or tDt̄D

(the opposite is not possible: only UU+DD and no UD+DU)

- qq̄ at threshold (beamline)
this spin axis is aligned with

- tt̄ at ultra-high energies (helicity)

and smoothly interpolates between these two.

Called the Off-Diagonal basis:

Parke & Shadmi hep-ph

and Mahlon & Parke hep-ph
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gg → t t̄

UNLIKE helicity gluons:

gLgR or gRgL → tU t̄D + tDt̄U i.e. no tU t̄U or tDt̄D

apart from a pre-factor identical to qq̄ → tt̄ ⇒ Off-Diagonal basis

|M(gLgR → tU t̄U and tDt̄D)|2 ∼
(

9 + 7β2c2
θ

(1− β2c2
θ)2

)
β2s2

θ (γ−1sθcξ − cθsξ)2

→ 0 when tan ξ = γ−1 tan θ

|M(gLgR → tU t̄D or tDt̄U)|2 ∼
(

9 + 7β2c2
θ

(1− β2c2
θ)2

)
β2s2

θ (γ−1sθsξ + cθcξ ± 1)2

→ (· · ·) β2s2
θ

[
1±

√
1− β2 sin2 θ

]2

∂
∂ξ ∼ J+ − J− (1− β)2 : (1 + β)2 (1− cθ)2 : (1 + cθ)2
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|A(qRq̄L → t↑t̄↓ or t↓t̄↑)|2 = |A(qLq̄R → t↓t̄↑ or t↑t̄↓)|2 ∼
(

1∓
√

1− β2 sin2 θ

)2

.(9)

The helicity basis is given by setting cos ξ = −1 and

|A(qRq̄L → tRt̄R and tLt̄L)|2 = |A(qLq̄R → tRt̄R and tLt̄L)|2 ∼ γ−2 sin2 θ

|A(qRq̄L → tRt̄L or tLt̄R)|2 = |A(qLq̄R → tLt̄R or tRt̄L)|2 ∼ (1 ± cos θ)2. (10)

Clearly, for γ >> 1, the helicity basis and the Off-Diagonal basis become identical. As we will
see in the next section, the spin correlations for unlike-helicity gluons producing top quark pairs
is identical to that of quark-antiquark annihilation.
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Figure 2: The spin configurations for the process gRgL → tt̄ are best described by the off-diagonal
basis which interpolates between the beamline basis at low β to helicity at very high β as given
by Eq. 27. As far as the spin of the top quarks is concern, this process, gRgL → tt̄, is identical to
top quark production via quark-antiquark collisions, qRq̄L → tt̄. (a) is the limit β → 0 where the
top quark spins are aligned in the same direction as the incoming gluon spins whereas (b) is the
limit β → 1 where the helicity state tRt̄L dominates for scattering angles less than 90 degrees. The
relative probability of tRt̄L to tLt̄R is given by (1 + cos θ)2 : (1− cos θ)2.

2 Revisiting gg → tt̄

The tree-level matrix element for gg → tt̄ can be factorized into two terms: one depending on
the color factors and t and u-channel propagators and the other depending on the the spin of
the gluons and top quarks, as follows

A(g1g2 → tt̄) = ig2
s

{
[T a1T a2 ]̄ii
(2t · p1)

+
[T a2T a1 ]̄ii
(2t · p2)

}
M(g1g2 → tt̄). (11)
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Review: q q̄ → t t̄
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θ
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Polarized Top Deacay:

Top Rest Frame:

χj

1
Γt

d Γ
d cos χj

=
1
2
(1 + αj cos χj)

αj =






+1 l̄, d
−0.31 ν, ū
−0.41 b

for anti-top ᾱj = −αj
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– Typeset by FoilTEX – 3

Polarized Top Deacay:

Top Rest Frame:

χj

1
Γt

d Γ
d cos χj

=
1
2
(1 + αj cos χj)

αj =






+1 l̄, d
−0.31 ν, ū
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Figure 4: The process qq̄ → tt̄, viewed in the zero momentum
frame. The initial q and q̄ must have opposite helicities to couple
to the gluon in the intermediate state. One of the two permitted
qq̄ spin configurations is indicated by the wide arrows.
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Figure 5: The process qq̄ → tt̄ in the ultrarelativistic limit, viewed
in the t and t̄ rest frames. The very large boost factor forces the
initial qq̄ pair to be aligned with the t̄ in the t rest frame. The wide
arrows indicate one of the two permitted qq̄ spin configurations.

regime since mt ! mq. Because the qq̄g coupling in
QCD is helicity-conserving, we conclude that the initial
q and q̄ have unlike helicities.

Suppose that the tt̄ pair in Fig. 4 is produced very
near threshold. Then, the t rest frame and the t̄ rest
frame both coincide with the ZMF to a good approx-
imation. Knowledge of the q and q̄ helicities translates
into knowledge of the total angular momentum along the
beam axis: i.e. the unlike q and q̄ helicities implies unlike
t and t̄ spins measured along the beam axis. Along any
other axis, there will be a superposition of like and unlike
t and t̄ spins. Thus, at threshold, the helicity basis does
not describe the physics most simply.

On the other hand, if the tt̄ pair is produced in the
ultrarelativistic regime far above threshold, then the pic-
ture in the t and t̄ rest frames is vastly different from
the picture in the ZMF (see Fig. 5). In the rest frame
of either top, the momenta of the other top and both
light quarks are essentially parallel. The light quarks
still have opposite helicities. Knowledge of the q and q̄
helicities thus translates into knowledge of the t and t̄
helicities. Using any other spin axis, there would be a
superposition of like and unlike spins. Hence, we recover
the rationale for employing the helicity basis to describe
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Figure 6: Anatomy of a qq̄ → tt̄ event in the zero momentum
frame. All vectors lie in the production plane. The top quark is
produced at an angle θ∗ with respect to the beam axis. The off-
diagonal basis spin vector s makes an angle ψ (given by Eq. (5))
with respect to the beam axis. The vectors (t ± ms)/2, where m
is the top quark mass, indicate the preferred emission directions
for the charged lepton or d-type quark from the decaying W+ (see
Eq. (6)). The vectors describing the antitop lie back-to-back with
the corresponding top quark vectors.

ultrarelativistic fermions.
Note that in both extremes (β → 0 and β → 1), there

is a basis in which the t and t̄ spins are 100% correlated:
a spin-up t implies a spin-down t̄ and vice versa. This
suggests that we should seek a basis for which this prop-
erty holds for arbitrary β. The authors of Ref. 1 have
constructed such a basis, which they call the off-diagonal
basis. This basis takes its name from the fact that for this
choice of spin axis, the top pairs coming from qq̄ → tt̄
are purely in a state of unlike spins independent of their
production angle and ZMF speed. The important vec-
tors in this basis are illustrated in Fig. 6. The direction
of the spin vector s in the off-diagonal basis is given by
the angle ψ, where

tanψ =
β2 cos θ∗ sin θ∗

1 − β2 sin θ∗
. (5)

The vectors t1 and t2 (cf. Eq. (3)) have a much simpler
dependence on θ∗ and β: they are at an angle ω with
respect to the beam, where

sinω = β sin θ∗. (6)

The β → 0 and β → 1 limits are particularly transparent
in Eq. (6): near threshold, ω → 0 (the beam direction)
while at very high energy, ω → θ∗ (the helicity direction).
Either of (5) or (6) may be taken as the relation defining
the off-diagonal basis. In any case, the vectors 1

2 (t±ms)
and 1

2 (t̄ ± ms̄) are special: for the up-down spin config-
uration the preferred emission directions of the charged
leptons are 1

2 (t+ms) for the %+ and 1
2 (t̄+ms̄) for the %−.

For the down-up spin configuration, the charged leptons
prefer the directions 1

2 (t − ms) and 1
2 (t̄ − ms̄).

If qq̄ were the only initial state at the Tevatron, then
we would have (N‖−N×)/(N‖+N×) = −1. However, ap-
proximately 10% of the top pair events are initiated by a
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Figure 2: Definition of the top quark decay angles in the top quark
rest frame. The direction of the top quark spin is indicated by the
vector s. Although we have drawn this figure assuming a leptonic
W decay, the same correlations hold in a hadronic decay if we
replace the charged lepton by the d-type quark and the neutral
lepton by the u-type quark.

Table 1: Correlation coefficients αi for both semileptonic and
hadronic top quark decays. The first two entries are a function
of M2

t /M2
W , and have been evaluated for Mt = 173.8 GeV and

MW = 80.41 GeV.5,6

Decay Product αi

b −0.40
ν!, u, or c −0.33
#̄, d̄, or s̄ 1.00

where m is the mass of the top quark. In the top quark
rest frame, the spatial parts of t1 and s point in the same
direction, since in this frame t = (m,0). In some other
frame, however, these vectors are not parallel.a In this
case, the form of the matrix element clearly indicates
that the preferred charged lepton emission axis is the
spatial part of t1. Hence, we regard t1 as the appropriate
generalization of the spin axis to an arbitrary reference
frame.

Unless there is some type of spin asymmetry in the
data, the opposite dependence upon cos θi for spin-up
and spin-down top quarks will wash out the correlations,
leaving a flat distribution. Considered individually, the
top quarks in tt̄ pairs at the Tevatron are essentially un-
polarized:b spin-up and spin-down top quarks are pro-
duced in equal numbers. However, there is an asymmetry
when we examine the top and antitop quarks as a pair.
In general, the number of pairs where both quarks have
spin up or spin down (N‖) is not equal to the number of
pairs where one quark is spin up and the other is spin
down (N×). In this situation, correlations are visible in
a joint distribution containing one decay angle from the

aThis follows trivially from the observation that t1 is a massless
vector, whereas s has been constructed to be spacelike.
bThe small QCD loop-induced transverse polarization of the top
quarks may be ignored for our purposes.

Figure 3: Angular correlations in the decay of a spin-up top quark.
The lines labeled "+, d̄, b, ν, and u are the angle between the spin
axis and the particle in the rest frame of the top quark.

top side of the event and one decay angle from the an-
titop side of the event. Denoting these two decay angles
by θi and θ̄ı̄ respectively, we have

1
σ

d2σ

d(cos θi)d(cos θ̄ı̄)
=

1
4

[
1 +

N‖−N×

N‖+N×
αiᾱı̄ cos θi cos θ̄ı̄

]

(4)
for the complete production and decay process, pp̄ →
tt̄ → 6-body final state. Eq. (4) explicitly exhibits the
dependence of the correlations on the production and
decay stages of the event. Production is represented by
the pairwise spin asymmetry (N‖−N×)/(N‖+N×). This
factor depends upon the choice of spin basis and may be
maximized by employing the off-diagonal basis1 (see be-
low). Decay is represented by the correlation coefficients
αi and ᾱı̄ as well as the decay angles θi (measured in the
t rest frame) and θ̄ı̄ (measured in the t̄ rest frame).c Our
choice of which decay angles we measure determines how
well we can see a given production asymmetry. From this
point of view, we want to make the α’s as large as possi-
ble – i.e. we should choose to measure the decay angles of
the charged leptons. Because 2-dimensional distributions
generally require high statistics for accurate mapping, it
may be desirable to construct 1-dimensional or even 0-
dimensional projections of Eq. (4). Refs. 6 and 7 contain
some suggestions on how to do this.

We now consider how spin issues relate to tt̄ produc-
tion. Because the majority (∼ 90%) of the cross section
comes from the quark-antiquark initial state, we will first
focus our attention on the process qq̄ → tt̄, as illustrated
in Fig. 4. We describe this event in terms of the ZMF
production angle θ∗ and the ZMF speed of the top quark
β. The initial quarks are firmly in the ultrarelativistic
cThe experimental challenge of reconstructing the t and t̄ rest
frames with sufficient accuracy is one which must be met no matter
what spin basis is employed.
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in all frames the useful directions are given by

t1,2 = (t±ms)/2

Note: t21 = t22 = 0 and t1 + t2 = t

Off Diagonal: sinω = β sin θ
– Typeset by FoilTEX – 3



Combining Production and Decay:

charge lepton decay mode

cos χ cos χ̄

For this figure one has to construct

the top AND the anti-top rest frames !!!

In other frames the charge leptons are more back to back

than if the tops decayed spherically (i.e. no correlations)

in the ZMF the correlations are less obvious

in the LAB the correlations are much less obvious

GREAT if there was a variable in the LAB frame that carried the signature of
the spin correlation

– Typeset by FoilTEX – 4

Combining Production and Decay:

charge lepton decay mode

cos χ cos χ̄

– Typeset by FoilTEX – 4

Combining Production and Decay:

charge lepton decay mode

cos χ cos χ̄

– Typeset by FoilTEX – 4

Combining Production and Decay:

charge lepton decay mode

cos χ cos χ̄

For this figure one has to construct

the top AND the anti-top rest frames !!!

In other frames the charge leptons are more back to back
than if the tops decayed spherically (i.e. no correlations)

In the ZMF (LAB) the correlations are (much) less obvious

in the LAB the correlations are much less obvious

What would be GREAT, if there was a variable in the LAB
that carried the signature of the spin correlation!

UD DU

– Typeset by FoilTEX – 4

Combining Production and Decay:

charge lepton decay mode

cos χ cos χ̄

For this figure one has to construct

the top AND the anti-top rest frames !!!

In other frames the charge leptons are more back to back
than if the tops decayed spherically (i.e. no correlations)

In the ZMF (LAB) the correlations are (much) less obvious

in the LAB the correlations are much less obvious

What would be GREAT, if there was a variable in the LAB
that carried the signature of the spin correlation!

UD DU

– Typeset by FoilTEX – 4

Combining Production and Decay:

• charged lepton decay mode

cos χ cos χ̄

For this figure one has to construct

the top AND the anti-top rest frames !!!

• In other frames the charged leptons are more back to back
than if the tops decayed spherically (i.e. no correlations)

In the ZMF (LAB) the correlations are (much) less obvious

in the LAB the correlations are much less obvious

What would be GREAT, if there was a variable in the LAB
that carried the signature of the spin correlation!

UD DU

– Typeset by FoilTEX – 4
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• charged lepton decay mode

cos χ cos χ̄

For this figure one has to construct

the top AND the anti-top rest frames !!!

• In other frames the charged leptons tend to be more back to back
than if the tops decayed spherically (i.e. no correlations)

• In the ZMF (LAB) the correlations are (much) less obvious

• What would be GREAT: a variable in the LAB that carries
the signature of the spin correlation!
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gg → t t̄

UNLIKE helicity gluons:

gLgR or gRgL → tU t̄D + tDt̄U i.e. no tU t̄U or tDt̄D

apart from a pre-factor identical to qq̄ → tt̄ ⇒ Off-Diagonal basis

M(gLgR → tU t̄D or tDt̄U) ∼
(

9 + 7β2c2
θ

(1− β2c2
θ)2

)
β2s2

θ (γ−1sθsξ + cθcξ ± 1)2

M(gLgR → tU t̄U and tDt̄D) ∼
(

9 + 7β2c2
θ

(1− β2c2
θ)2

)
β2s2

θ (γ−1sθcξ − cθsξ)2

∂
∂ξ
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Figure 1: The spin configurations for the process gRgL → tt̄ are best described by the off-diagonal
basis which interpolates between the beamline basis at low β to helicity at very high β as given
by Eq. 27. As far as the spin of the top quarks is concern, this process, gRgL → tt̄, is identical to
top quark production via quark-antiquark collisions, qRq̄L → tt̄. (a) is the limit β → 0 where the
top quark spins are aligned in the same direction as the incoming gluon spins whereas (b) is the
limit β → 1 where the helicity state tRt̄L dominates for scattering angles less than 90 degrees. The
relative probability of tRt̄L to tLt̄R is given by (1 + cos θ)2 : (1 − cos θ)2.

by using the Fierz identities on the current-current structure of the matrix element given by the
standard Feynman rules. This can be used to recover the well known tree level matrix element
squared for qRq̄L → tt̄, see [], given by

|A(qRq̄L → t↑t̄↑ and t↓t̄↓)|2 = |A(qLq̄R → t↑ t̄↑ and t↓t̄↓)|2

∼ (γ−1 sin θ cos ξ − cos θ sin ξ)2

|A(qR q̄L → t↑ t̄↓ or t↓t̄↑)|2 = |A(qLq̄R → t↓ t̄↑ or t↑t̄↓)|2

∼ (γ−1 sin θ sin ξ + cos θ cos ξ ∓ 1)2. (7)

Here the same spin angle, ξ, has been used for the top and anti-top quarks. From this general
result it is clear that there is a basis, defined by

tan ξ = γ−1 tan θ, (8)

which sets the ↑↑ + ↓↓ component to zero identically for all β and leaves only the ↑↓ + ↓↑
component. This basis was first identified by Parke and Shadmi in [] and has been called the
Off-Diagonal basis. It interpolates between the beamline basis at threshold, cosξ = cos θ, and
the helicity basis at ultra-relativistic β’s such that

|A(qRq̄L → t↑t̄↑ and t↓ t̄↓)|2 = |A(qLq̄R → t↑t̄↑ and t↓t̄↓)|2 = 0

|A(qRq̄L → t↑t̄↓ or t↓ t̄↑)|2 = |A(qLq̄R → t↓t̄↑ or t↑t̄↓)|2 ∼
(

1 ∓
√

1 − β2 sin2 θ

)2

.(9)

The helicity basis is given by setting cos ξ = −1 and

|A(qRq̄L → tRt̄R and tLt̄L)|2 = |A(qLq̄R → tRt̄R and tLt̄L)|2 ∼ γ−2 sin2 θ

|A(qRq̄L → tR t̄L or tLt̄R)|2 = |A(qLq̄R → tLt̄R or tR t̄L)|2 ∼ (1 ± cos θ)2. (10)

Clearly, for γ >> 1, the helicity basis and the Off-Diagonal basis become identical. As we will
see in the next section, the spin correlations for unlike-helicity gluons producing top quark pairs
is identical to that of quark-antiquark annihilation.
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in the LAB the correlations are much less obvious

What would be GREAT, if there was a variable in the LAB
that carried the signature of the spin correlation!
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gg → t t̄

UNLIKE helicity gluons:

gLgR or gRgL → tU t̄D + tDt̄U i.e. no tU t̄U or tDt̄D

apart from a pre-factor identical to qq̄ → tt̄ ⇒ Off-Diagonal basis

M(gLgR → tU t̄U and tDt̄D) ∼
(

9 + 7β2c2
θ

(1− β2c2
θ)2

)
β2s2

θ (γ−1sθcξ − cθsξ)2

→ 0 when tan ξ = γ−1 tan θ

M(gLgR → tU t̄D or tDt̄U) ∼
(

9 + 7β2c2
θ

(1− β2c2
θ)2

)
β2s2

θ (γ−1sθsξ + cθcξ ± 1)2

→ (· · ·) β2s2
θ

[
1±

√
1− β2 sin2 θ

]2

∂
∂ξ ∼ J+ − J−

– Typeset by FoilTEX – 5

gg → t t̄

UNLIKE helicity gluons:

gLgR or gRgL → tU t̄D + tDt̄U i.e. no tU t̄U or tDt̄D

apart from a pre-factor identical to qq̄ → tt̄ ⇒ Off-Diagonal basis

M(gLgR → tU t̄U and tDt̄D) ∼
(

9 + 7β2c2
θ

(1− β2c2
θ)2

)
β2s2

θ (γ−1sθcξ − cθsξ)2

→ 0 when tan ξ = γ−1 tan θ

M(gLgR → tU t̄D or tDt̄U) ∼
(

9 + 7β2c2
θ

(1− β2c2
θ)2

)
β2s2

θ (γ−1sθsξ + cθcξ ± 1)2

→ (· · ·) β2s2
θ

[
1±

√
1− β2 sin2 θ

]2

∂
∂ξ

– Typeset by FoilTEX – 5

gg → t t̄

UNLIKE helicity gluons:

gLgR or gRgL → tU t̄D + tDt̄U i.e. no tU t̄U or tDt̄D

apart from a pre-factor identical to qq̄ → tt̄ ⇒ Off-Diagonal basis

|M(gLgR → tU t̄U and tDt̄D)|2 ∼
(

9 + 7β2c2
θ

(1− β2c2
θ)2

)
β2s2

θ (γ−1sθcξ − cθsξ)2

→ 0 when tan ξ = γ−1 tan θ

|M(gLgR → tU t̄D or tDt̄U)|2 ∼
(

9 + 7β2c2
θ

(1− β2c2
θ)2

)
β2s2

θ (γ−1sθsξ + cθcξ ± 1)2

→ (· · ·) β2s2
θ

[
1±

√
1− β2 sin2 θ

]2

∂
∂ξ ∼ J+ − J− (1− β)2 : (1 + β)2 (1− cθ)2 : (1 + cθ)2

γγ → tt̄ Hori, Kiyo and Nasuno hep-ph9712379

– Typeset by FoilTEX – 5



!!

g

g

t

!

t

!

(a)   " # 0

!!

g

g

t

!

t

"
(b)   # $ 1

"

!

Figure 2: The spin configurations for the process gRgL → tt̄ are best described by the off-diagonal
basis which interpolates between the beamline basis at low β to helicity at very high β as given
by Eq. 27. As far as the spin of the top quarks is concern, this process, gRgL → tt̄, is identical to
top quark production via quark-antiquark collisions, qRq̄L → tt̄. (a) is the limit β → 0 where the
top quark spins are aligned in the same direction as the incoming gluon spins whereas (b) is the
limit β → 1 where the helicity state tRt̄L dominates for scattering angles less than 90 degrees. The
relative probability of tRt̄L to tLt̄R is given by (1 + cos θ)2 : (1− cos θ)2.

2.2 Like-Helicity Gluons

For like-helicity gluons the reduced matrix element M(gRgR → t↑t̄↑) is simple given by the
following combination of spinor products

M(gRgR → t↑t̄↑) = 2mt
〈p1 − |p2+〉
〈p1 + |p2−〉

〈t1 + |t̄1+〉. (28)

which when evaluated in the ZMF using the spin vectors described in the previous section is
just

M(gRgR → t↑t̄↑) ∼ γ−1{(1− β) cos(ξ/2) cos(ξ′/2) + (1 + β) sin(ξ/2) sin(ξ′/2)}. (29)

Following steps similar to like-helicity gluons we obtain

|A(gRgR → t↑t̄↑ or t↓t̄↓)|2 = Y(β, θ) γ−2(1∓ β cos ξ)2 (30)

|A(gRgR → t↑t̄↓ and t↓t̄↑)|2 = Y(β, θ) γ−2β2 sin2 ξ. (31)

Similarly, it is easy to show that for left like-helicity gluons

|A(gLgL → t↓t̄↓ or t↑t̄↑|2 = |A(gRgR → t↑t̄↑ or t↓t̄↓)|2 (32)
|A(gLgL → t↑t̄↓ and t↓t̄↑)|2 = |A(gRgR → t↑t̄↓ and t↓t̄↑)|2 (33)
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LIKE helicity gluons:

gLgL or gRgR → tLt̄L + tRt̄R i.e. no tLt̄R or tRt̄L

independent of energy.

|M(gRgR → tLt̄R and tRt̄L)|2 ∼
(

9 + 7β2c2
θ

(1− β2c2
θ)2

)
β2s2

ξ

→ 0 when sin ξ = 0 helicity

|M(gRgR → tRt̄R or tLt̄L)|2 ∼
(

9 + 7β2c2
θ

(1− β2c2
θ)2

)
(1± βcξ)2

→ (· · ·) [1± β]2

– Typeset by FoilTEX – 6

Combining Production and Decay:

charge lepton decay mode

cos χ cos χ̄

– Typeset by FoilTEX – 4

Combining Production and Decay:

charge lepton decay mode

cos χ cos χ̄

– Typeset by FoilTEX – 4

LIKE helicity gluons:

gLgL or gRgR → tLt̄L + tRt̄R i.e. no tLt̄R or tRt̄L

independent of energy.

|M(gRgR → tLt̄R and tRt̄L)|2 ∼
(

9 + 7β2c2
θ

(1− β2c2
θ)2

)
β2s2

ξ

→ 0 when sin ξ = 0 helicity

|M(gRgR → tRt̄R or tLt̄L)|2 ∼
(

9 + 7β2c2
θ

(1− β2c2
θ)2

)
(1± βcξ)2

→ (· · ·) [1± β]2

RR LL

– Typeset by FoilTEX – 6

LIKE helicity gluons:

gLgL or gRgR → tLt̄L + tRt̄R i.e. no tLt̄R or tRt̄L

independent of energy.

|M(gRgR → tLt̄R and tRt̄L)|2 ∼
(

9 + 7β2c2
θ

(1− β2c2
θ)2

)
β2s2

ξ

→ 0 when sin ξ = 0 helicity

|M(gRgR → tRt̄R or tLt̄L)|2 ∼
(

9 + 7β2c2
θ

(1− β2c2
θ)2

)
(1± βcξ)2

→ (· · ·) [1± β]2

RR LL

– Typeset by FoilTEX – 6

LIKE helicity gluons:

gLgL or gRgR → tLt̄L + tRt̄R i.e. no tLt̄R or tRt̄L

independent of energy.

|M(gRgR → tLt̄R and tRt̄L)|2 ∼
(

9 + 7β2c2
θ

(1− β2c2
θ)2

)
γ−2β2s2

ξ

→ 0 when sin ξ = 0 helicity

|M(gRgR → tRt̄R or tLt̄L)|2 ∼
(

9 + 7β2c2
θ

(1− β2c2
θ)2

)
γ−2(1± βcξ)2

→ (· · ·) γ−2 (1± β)2

RR LL

In other frames, the charge leptons are less back to back
than if there was no spin correlations.

(the opposite — only UD+DU and no UU+DD — is not possible:)
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and that
∑

all

|A(gRgR → tt̄)|2 =
∑

all

|A(gLgL → tt̄)|2 = Y(β, θ) (1− β4) (34)

independent of the spin axis used for the top quarks.
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Figure 3: The spin configurations for the process gRgR → tt̄ are best described by the helicity basis
for all β as given by Eq. 36. (a) is the limit β → 0 where the relative probability of tRt̄R to tLt̄L
is (1 + β)2 : (1− β)2 whereas (b) is the limit β → 1 where tRt̄R completely dominates.

Clearly, a great simplification occurs for like-helicity gluons if one uses the helicity basis (ξ=0
or π) for the top quarks. In the helicity basis

|A(gLgL → tRt̄L and tLt̄R)|2 = |A(gRgR → tRt̄L and tLt̄R)|2 = 0 (35)

for all values of the β.1 Helicity usually provides a simple description for most processes only
at ultra-relativistic energies, but for gg → tt̄ with like-helicity gluons it provides a simple
description for all β (see Fig. 3), with the only non-zero amplitudes given by

|A(gRgR → tRt̄R or tLt̄L)|2 = |A(gLgL → tLt̄L or tRt̄R|2 = Y(β, θ) γ−2(1± β)2.(36)

(add ref. somewhere.)These amplitudes agree with the appendix of Ref. (Hori, Kiyo and
Nasuno (1998)).

2.3 Combining Like- and Unlike Helicity Gluons

At the LHC we must combine the like-helicity and unlike-helicity gluon cases since there is no
way to polarize the incoming gluons. By looking at Eqn. 31 and 22 it is clearly there is no basis

1At threshold, β = 0, all bases give a 100% ↑↑ + ↓↓. Do we need this ???
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Figure 2: The spin configurations for the process gRgL → tt̄ are best described by the off-diagonal
basis which interpolates between the beamline basis at low β to helicity at very high β as given
by Eq. 27. As far as the spin of the top quarks is concern, this process, gRgL → tt̄, is identical to
top quark production via quark-antiquark collisions, qRq̄L → tt̄. (a) is the limit β → 0 where the
top quark spins are aligned in the same direction as the incoming gluon spins whereas (b) is the
limit β → 1 where the helicity state tRt̄L dominates for scattering angles less than 90 degrees. The
relative probability of tRt̄L to tLt̄R is given by (1 + cos θ)2 : (1− cos θ)2.

2.2 Like-Helicity Gluons

For like-helicity gluons the reduced matrix element M(gRgR → t↑t̄↑) is simple given by the
following combination of spinor products

M(gRgR → t↑t̄↑) = 2mt
〈p1 − |p2+〉
〈p1 + |p2−〉

〈t1 + |t̄1+〉. (28)

which when evaluated in the ZMF using the spin vectors described in the previous section is
just

M(gRgR → t↑t̄↑) ∼ γ−1{(1− β) cos(ξ/2) cos(ξ′/2) + (1 + β) sin(ξ/2) sin(ξ′/2)}. (29)
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• Because of the contributions from BOTH UNLIKE and LIKE helicity-gluons
gg → t t̄ is much RICHER than q q̄ → t t̄.
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TOTAL:

|M(gg → tt̄)|2 ∼
(

9 + 7β2c2
θ

(1− β2c2
θ)2

) [
(1− β4) + β2s2

θ(2− β2sθ)
]

LIKE UNLIKE

equal when βγsθ = 1

β2 >
1

2− c2
θ

UNLIKE dominates

β2 <
1

2− c2
θ

LIKE dominates

1
σT

d2σ
dβ2 dcθ

LHC @ 14 TeV where σT ≈ 1 nb
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FIG. 4: The differential cross section (1/σtot) d2σ/d(cos θ) dβ2 for top quark pair production at

the LHC. The long-dashed line is βγ sin θ = 1 (or β2 = 1/(2 − cos2 θ)) is the demarkation line

for the differential cross section to be dominated by like-helicity gluons (below) and unlike helicity

gluons (above).

Fig. 5 shows the differential cross section with respect to Csame where

Csame ≡ 2f↑↑+↓↓ − 1 and Coppo ≡ 2f↑↓+↓↑ − 1 (4.1)

are the quantities the controls the size of the correlations for any given spin basis, note

Coppo = −Csame. In this figure we have split up the contributions into two pieces one for

βγ sin θ < 1 and the other βγ sin θ ≥ 1 . For βγ sin θ < 1 we show the contribution in

the basis which maximizes the ↑↑ + ↓↓ component as well as the helicity basis whereas for

βγ sin θ ≥ 1 we show the contribution in the basis which maximizes ↑↓ + ↓↑ as well as the

Off-Diagonal basis. This figure clearly shows that there are only small differences between

using the best basis and the helicity for βγ sin θ < 1 and the best basis and the Off-Diagonal

basis for βγ sin θ > 1.

At the LHC, the total top quark pair production cross section is ∼1 nb giving approx-

imately 106 tt̄ per fb−1 therefore significant cuts can be made on the events before the

statistical uncertainties become comparable to the systematic uncertainties. The first cut
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βγsθ any <1 >1
Total 100% 75 25
Like 65 55 10
Unlike 35 20 15
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UNLIKE is 25% of Total (LO)

LIKE is 75% of Total (LO)

• Concentrate the low β region where
the boost doesn’t disguise the correlations.

⇒ LIKE Helicity Gluons
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LIKE HELICITY GLUONS
• For on-mass shell tops and using spinor helicity gluon polarizations

M(gRgR → tt̄) ∼
(

T a1T a2

p1 · t
+

T a2T a1

p2 · t

)

īi

m Ūt γL Vt̄

including decays (t → b + l̄ + ν and t̄ → b̄ + l + ν̄) is then simple (after Fierz),

replace Ūt → 〈b− |ν〉〈l̄ + |(t + m) and Vt̄ → (−t̄ + m)|l+〉〈ν̄ + |b̄−〉.

• Sum RR + LL

|M|2corr ∼ m2 [(t · l)(t · l̄) + (t̄ · l)(t̄ · l̄)−m2(l · l̄)]

whereas the uncorrelated value is (t · l̄)(t̄ · l)(t · t̄). In the ZMF

R ≡ |M|2corr

|M|2uncorr

=
(1− β2)
(1 + β2)

[(1 + β2) + (1− β2) cl̄l − 2β2ctl̄ ct̄l]
(1− βctl̄)(1− βct̄l)
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replace Ūt → 〈b− |ν〉〈l̄ + |(t + m) and Vt̄ → (−t̄ + m)|l+〉〈ν̄ + |b̄−〉.

• Sum RR + LL

|M|2corr ∼ m2 [(t · l)(t · l̄) + (t̄ · l)(t̄ · l̄)−m2(l · l̄)]

whereas the uncorrelated value is (t · l̄)(t̄ · l)(t · t̄). In the ZMF

R ≡ |M|2corr

|M|2uncorr

=
(1− β2)
(1 + β2)

[(1 + β2) + (1− β2) cl̄l − 2β2ctl̄ ct̄l]
(1− βctl̄)(1− βct̄l)

– Typeset by FoilTEX – 10

LIKE HELICITY GLUONS
• For on-mass shell tops and using spinor helicity gluon polarizations

M(gRgR → tt̄) ∼
(

T a1T a2

p1 · t
+

T a2T a1

p2 · t

)

īi
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• In the ZMF

R ≡ |M|2corr

|M|2uncorr

=
(1− β2)
(1 + β2)

[(1 + β2) + (1− β2) cl̄l − 2β2ctl̄ ct̄l]
(1− βctl̄)(1− βct̄l)

2 ≥ R≥ 0

• Maximum Value when ctl̄ = −ct̄l = ±1 and cl̄l = +1 and R = 2
Enhancement when charged leptons are parallel and correlated with tt̄ axis.

Minimum Value when ctl̄ = ct̄l = ±1 and cl̄l = −1 and R = 0
Suppression when charged leptons are anti-parallel and correlated with tt̄ axis.

However, the strength of the correlation with the tt̄ axis is β dependent.
None at threshold and strengthens as β increases.

• Look at angular distributions associated with the two charged leptons.

∆R, ∆η and ∆φ

at low β.
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∆R and ∆φ for di-lepton Events

Cuts:
• β ≤ 0.5 or mtt̄ ≤ 400 GeV

• pl
T > 20 GeV and |ηl| < 3

40%

• What about NLO effects near threshold?
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Top spin polarization

• t quark decays before hadronization ! spin info conserved

• In SM: top unpolarised, but tt spins correlated

• In new production models: modified correlations
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Questions:
• What about varying the β or mtt̄ cut?

• What about contribution from gLgR + gRgL and qq̄ ?

• What about NLO effects?

Varying mtt̄ cut

Contributions from gLgR + gRgL and qq̄
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Questions:
• What about varying the β or mtt̄ cut?

• What about contribution from qq̄ and gLgR + gRgL ?

• What about NLO effects?

Varying mtt̄ cut
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β mtt̄ (GeV)
0.0 350
0.3 366
0.5 404
0.7 490
0.9 803

Varying mtt̄ cut

Contributions from gLgR + gRgL and qq̄
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NLO
• Used MCFM special edition: Has NLO top production

⊗
decays !

Cuts:
• pl

T > 20 GeV and |ηl| < 3

•
√

ŝ ≤ 400 GeV

20% of cross section passes these cuts or about 200 pb−1

• Events Produced per fb−1: 200pb−1× 1000 pb = 2 × 105

• di-lepton (e, µ) Branching Fractions = 4
81

• Efficiency ∼ 10%

• 1000 di-lepton (e, µ) events per fb−1
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Top at LHCInvariant mass distristribution

Resolution of bound state effects in dσ/dMtt̄ at LHC difficult

(requires rather fine binning)

uncertainty of total cross section ∆σ ! O(10) pb from

extrapolation of Mtt̄-distribution affected by gg → tt̄
“
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Anomalous Couplings:

• Chromo-magnetic moment of the top quark ∼ GµνΨ̄tσµνγ5Ψt

• Will affect the spin correlations of the top quark pair and
hence the azimuthal distributions of the charged leptons from top.

• Previous studies, see hep-ph/0006021, have been for ILC,
need to be repeated for LHC.
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Summary

• Spin correlations in gg → t t̄ have a RICH structure, but simply understood
when separated into the LIKE and UNLIKE gluon-helicity components.

• TTbar events at low invariant mass is a promising region of phase space

• In this region, LIKE helicity gluons dominate the production which give
particularly strong correlations of the decay products

• ∆R and ∆φ for the di-leptons are especially easy to measure and carry a
characteristic signature of the correlations at low values of mtt̄

• Next: effects of anomalous couplings – e.g. chromo-magnetic moment of top
quark
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extras:



related to numerical work by P. Uwer in hep-ph/0412097

helicity basis βγ sin θ << 1 and the off-diagonal basis for βγ sin θ >> 1. In the next section
we will optimize the basis choice to maximize the spin correlations in the intermediate region,
βγ sin θ ∼ 1.

3 Optimizing the Choice of Spin Basis:

For unpolarized gluons, the fraction of top quark pair events at a given point in the (cos θ,β)
plane that have ↑↑ or ↓↓ spins is

f(θ,β) ≡
∑

↑↑+↓↓ |A(gg → tt̄)|2
∑

all |A(gg → tt̄)|2 =
γ−2(1 + β2 cos2 ξ) + β2 sin2 θ(γ−1 sin θ cos ξ − cos θ sin ξ)2

((1− β4) + β2 sin2 θ(2− β2 sin2 θ))
.

It is a straight forward analytic exercise to find the extrema of this function with respect to the
angle ξ. The maxima, fsame(θ,β), gives the maximum fraction of ↑↑ + ↓↓ whereas the minima,
foppo(θ,β), gives the minimum fraction of ↑↑ + ↓↓ or equivalently the maximum fraction of
↑↓ + ↓↑. These are given by

f{same, oppo}(θ,β) ≡

γ−2 + 1
2β2(sin2 θ cos2 θ + γ−2 sin4 θ + γ−2)

{
1±

√
1− (2γ−1 cos θ sin θ)2

(sin2 θ cos2 θ+γ−2 sin4 θ+γ−2)2

}

((1− β4) + β2 sin2 θ(2− β2 sin2 θ))
. (38)

Both extrema occur when ξ satisfies

tan 2ξ{same, oppo} =
2γ−1 sin3 θ cos θ

(sin2 θ cos2 θ − γ−2 sin4 θ − γ−2)
(39)

but they are related as follows, ξoppo = ξsame+π/2. The contours of fsame(θ, β) in the (cos θ,β2)
are given by the solid lines in Fig. 4(a) whereas for foppo(θ, β) see Fig. 4(b).

At any given point in the (cos θ,β2) the basis which exhibits the most correlations is the
one whose spin fraction has the largest difference from 1

2 . If |foppo(θ, β) − 1/2| is larger than
|fsame(θ,β)−1/2| then one should use ξoppo otherwise ξsame should be used. The condition that
must be satisfied for both fsame(θ, β) and foppo(θ,β) to have equal difference, but opposite sign,
from 1/2 occurs when

fsame(θ,β) + foppo(θ,β) = 1 or βγ sin θ = 1. (40)

Not surprisingly this is the same line that also separates the dominance of the contribution of like-
helicity from unlike-helicity gluons. Thus, when βγ sin θ < 1 the like-helicity gluons dominate
and ξsame should be used to maximize the ↑↑ + ↓↓ fraction whereas if βγ sin θ > 1 the unlike-
helicities dominate and we should use ξoppo to maximize the ↑↓ + ↓↑ fraction which is equivalent
to minimizing the ↑↑ + ↓↓. The long-dashed line in both Fig. 4’s is the line βγ sin θ = 1 which
is the demarkation line between maximizing ↑↑ + ↓↓ and maximizing ↑↓ + ↓↑.

It is worthwhile asking the following two questions:
(1) for βγ sin θ < 1 how much does maximum fraction of ↑↑ + ↓↓ differ from what helicity would
give in the same region since this region is dominated by like-helicity gluons.
(2) for βγ sin θ > 1 how much does maximum fraction of ↑↓ + ↓↑ differ from what the off-
diagonal basis would give in the same region since this region is dominated by unlike-helicity
gluons.

These two questions are also answered in Fig. 4. In (a) we have also plotted the fraction of
top quark pairs which are LL+RR in the helicity basis and in (b) the fraction that are ↑↓ + ↓↑
in the off-diagonal basis. Clearly, from these figures the helicity basis does almost as well as the
basis which maximizes ↑↑ + ↓↓ for βγ sin θ < 1 and the off-diagonal basis does almost as well
as the basis which maximizes ↑↓ + ↓↑ for βγ sin θ > 1.

Now that we understand the production dynamics for top quark pair production from gluon-
gluon fusion we can turn to the question of whereabouts in the (cos θ,β2) do the top quark pair
events occur at the LHC.
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f(θ,β) ≡
∑

↑↑+↓↓ |A(gg → tt̄)|2
∑

all |A(gg → tt̄)|2 =
γ−2(1 + β2 cos2 ξ) + β2 sin2 θ(γ−1 sin θ cos ξ − cos θ sin ξ)2

((1− β4) + β2 sin2 θ(2− β2 sin2 θ))
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γ−2 + 1
2β2(sin2 θ cos2 θ + γ−2 sin4 θ + γ−2)

{
1±

√
1− (2γ−1 cos θ sin θ)2

(sin2 θ cos2 θ+γ−2 sin4 θ+γ−2)2

}

((1− β4) + β2 sin2 θ(2− β2 sin2 θ))
. (38)
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tan 2ξ{same, oppo} =
2γ−1 sin3 θ cos θ

(sin2 θ cos2 θ − γ−2 sin4 θ − γ−2)
(39)
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Maximizing UU+DD or UD+DU for gg to TTbar



Csame ≡ 2f↑↑+↓↓ − 1 = 1− 2f↑↓+↓↑ ≡ −Coppo
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Csame ≡ 2f↑↑+↓↓ − 1 = 1− 2f↑↓+↓↑ ≡ −Coppo

Optimal and Hel./OD

Helicity

|〈Csame〉| all lower upper

Optimal 0.55 0.60 (76%) 0.43

Hel./OD 0.53 0.57 (76%) 0.39

Hel. 0.48 0.52 (86%) 0.23
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Csame ≡ 2f↑↑+↓↓ − 1 = 1− 2f↑↓+↓↑ ≡ −Coppo

Optimal and Hel./OD

Helicity

|〈Csame〉| all lower upper

Optimal 0.55 0.60 (76%) 0.43

Hel./OD 0.53 0.57 (76%) 0.39

Hel. 0.48 0.52 (86%) 0.23
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Csame ≡ 2f↑↑+↓↓ − 1 = 1− 2f↑↓+↓↑ ≡ −Coppo

Optimal and Hel./OD

Helicity

|〈Csame〉| all+flip all+noflip lower upper

Optimal 0.55 0.35 0.60 (76%) 0.43

Hel./OD 0.53 0.34 0.57 (76%) 0.39

Hel. 0.48 0.41 0.52 (86%) 0.23
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Angular reconstruction and results
• Light jet pairs which give the mass 

closest to Mw.
• Pair with b-jet which gives Mjjb closest 

to Mtop
– 1D distributions of cosθ1cosθ2 and cosΦ 

distributions corrected bin-by-bin back to 
generator level to extract spin correlation

• Statistical/systematic uncertainties

• Require O(10 fb-1) to observe 5σ
– Good control of systematics essential

• B-tagging efficiency, jet energy scale, ISR/FSR …

Measurement Int L stat syst

A(q-l) ≈ 0.67 1 fb-1 0.17 0.18

AD(q-l) ≈ -0.40 1 fb-1 0.11 0.09

cosθ1cosθ2

cosΦ

Reconstructed, corrected  to generator level


